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Abstract

We introduce a dynamic model in which the ability of agents to perform cer-
tain welfare improving transactions is subject to random and unobservable
shocks. We characterize the optimal setup for incentive compatible transac-
tions, the optimal payment system. Implementation involves assigning bal-
ances to individual agents and optimally adjusting these balances given the
agents’ histories of transactions. The existence of an equilibrium in which
agents transact through a payment system requires certain caps on short-
term borrowing. In the absence of settlement, incentive constraints imply
that the full information first-best allocation cannot be implemented. We
introduce a periodic pattern in which several rounds of bilateral transactions
are followed by centralized settlement. We demonstrate that the first-best
is implementable, provided that settlement takes place with a sufficiently
high frequency. The optimal adjustments on participants’ balances by the
payment system need not follow a Friedman rule.

2



1 Introduction

One of the features of the economy that theWalrasian model abstracts from is
the mechanism through which transactions for goods and services take place,
the payment system. While for the study of certain questions this abstraction
is one of the main strengths of the Walrasian model, this feature also makes
it an inappropriate tool for the study of questions related to transactions.
Thus, new models are needed to study payments, and our goal is to develop
such models using mechanism design.1

There are several questions about the optimal structure of payment sys-
tems that motivate our work. For example, should there be binding limits, or
“caps,” imposed on the short-term borrowing by participants? What are the
effects of reputation through repeated interactions with the system? What
is the role of private information and imperfect monitoring in answering the
above questions? Is settlement welfare improving? What are the features
of optimal payments? Our approach emphasizes the role of private informa-
tion. We are motivated by recent work by Kocherlakota (2004), who extends
the model of Mirrlees (1971) and studies dynamic optimal taxation under
information frictions. The design of optimal payment systems (and, more
generally, of monetary policy) under imperfect monitoring is subject to a
similar private information problem since the participants’ abilities to raise
liquidity is not directly observable. Importantly, some of the questions that
optimal payment system design poses are inherently dynamic and, there-
fore, very hard or impossible to study within the existing literature, which is
almost exclusively static.2

We model the participants of the system as agents who face random
needs for liquidity and random opportunities to build balances in order to
meet these needs. To perform either of these activities, they need to interact
through a network consisting of a large number of participants. We em-
ploy a version of the model of exchange developed by Kiyotaki and Wright

1To get some idea of the magnitudes involved, say, in actual systems involving bank
payments, the value of the transactions processed through TARGET, the main public
payment system in Europe, during March 2004 was over €40 billion, with a daily average
of about €1.7 billion. In the United States, the average daily value of transfers through
FEDWIRE, the US equivalent of TARGET, during the first quarter of 2004 was $1,683,265
million.

2See Kahn and Roberds (1998) for a well-cited paper in this literature. Temzelides
and Williamson (2001) investigate some of the issues studied here. Their model and
conclusions, however, are very different from ours.
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(1989,1993). This model is appropriate for our study for several reasons.
First, it offers a setup in which transactions are explicit, and where it is nat-
ural to study the implications of lack of commitment, imperfect monitoring,
and reputation. Second, the random matching shocks that agents are subject
to in this model are a tractable way of modelling random needs for liquidity.
They simply capture the fact that participants need to transfer resources to
other participants, and that these needs are subject to randomness. Third,
the model is consistent with the fact that actual transactions are bilateral
and, often, subject to private information. Finally, this setup naturally lends
itself to mechanism design. Unlike the standard monetary theory approach,
however, our model involves no currency.
Our approach is also related to the dynamic contracting literature.3 Agents

in our model participate in two kinds of transactions. Some transactions
can be perfectly monitored, while other transactions are subject to imper-
fect monitoring. In the latter case, the payment system needs to induce
truthful revelation. This is accomplished by exploring intertemporal incen-
tives through adjustments in agents’ balances. These play a similar role to
promised utility adjustments in Green’s model.4

We find that a positive volume of transactions requires that caps are im-
posed on short-term borrowing. Put differently, in order for liquidity to be
of value, it needs to be sufficiently scarce. Importantly, the introduction of
caps implies a welfare loss as it rules out certain welfare improving transac-
tions that would take place under full information. This is an example of the
common trade-off between efficiency and incentives since truthful revelation
comes at some cost. To avoid an unnecessary welfare loss, caps should be
set at the maximum value consistent with incentive compatibility. The ex-
istence of caps implies that the first-best allocation is not implementable in
this framework since a positive fraction of agents reach the cap in any given
period.
Actual payments systems involve the periodic settlement of debts at the

end of a specified period of time (usually a day or a month). We proceed

3See, for example, Green (1987). Other classic references include Spear and Srivastava
(1987) and Atkeson and Lucas (1993).

4One interpretation of this setup is that agents are connected to different networks.
With some probability, agents need to transact within their network, in which case the
ability to perform the transaction is perfectly observable. Alternatively, an agent might
transact with an agent belonging to a different network. For this to take place, the desired
transaction must be incentive compatible for both participants.
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by imposing a periodic pattern in which several rounds of bilateral trans-
actions are followed by centralized settlement. We consider both the case
where there is positive discounting between transaction rounds, and the case
where there is none. In order to simplify the contracting environment, we
assume linear utility in the settlement stage.5 Unlike the standard setup in
the dynamic contracting literature, agents in our model transact bilaterally.
Thus, in general, payoffs depend on the agents’ histories as well as on the
histories of their current and future trading partners. As is well known, keep-
ing track of such histories poses a problem that is hard to study analytically.
Conveniently, the settlement stage allows us to circumvent the “distribution
problem” that often limits the tractability of monetary models. We empha-
size that our approach does not trivialize the distribution of agents’ balances.
Rather, following a mechanism design instead of a strategic approach, allows
us to find sufficient conditions for implementing the first best independent of
the distribution.6

We find that the first-best is implementable if settlement takes place with
a sufficiently high frequency. The significance of this result lies in the fact that
the introduction of periodic settlement rounds in our model does not increase
welfare by itself. The welfare increase is accomplished indirectly, through
the interplay between settlement and intertemporal incentives. Interestingly,
while payment systems that operate under a version of the Friedman rule
can be optimal, this property is not necessary for efficiency. This somewhat
surprising conclusion results from the fact that the payment system in our
model can tailor rewards and punishments to individual participants. This
is akin to individual-specific tax rates that could be made dependent on an
agent’s history of reports. Kocherlakota (2005) argues informally that the
Friedman rule might not be needed for efficiency if the planner can impose
individual-specific taxes. Our model provides implement for this observation.
The paper proceeds as follows. Section 2 introduces a simple version of

the basic economic environment subject to indivisibility restrictions which we

5A novelty of our approach is that it involves non-cooperative implementation together
with a Walrasian equilibrium aspect. Examples in which some form of linearity is invoked
for tractability in static mechanism design environments include the classic papers by
Clarke (1971) and Groves and Loeb (1975). See also Jarque (2003) for a more recent
reference that deals with an intertemporal environment. See Lagos and Wright (2004) for
an example of a monetary model in which trade is periodically centralized.

6In related monetary models, Shi (1997) and Lagos and Wright (2005) study two strate-
gic environments that eliminate distribution issues.
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subsequently drop. The main finding is that the first-best allocation is not
implementable in the absence of settlement. This finding carries over to the
general case studied later. The main topic of the paper, concerning optimal
settlement under private information, is studied in Section 3. There we
demonstrate that the first-best can be implemented, provided that settlement
is sufficiently frequent. A brief conclusion follows. The Appendix contains
some of the proofs.

2 Preliminaries

In this section we introduce the basic economic setup and discuss some spe-
cific examples. For expository purposes, here we study the case where the
size of transactions is exogenous. Several findings turn out to provide useful
intuition for the general environment that we study in the next section.
Time is discrete, t, measured over the positive integers. There is a [0, 1]

continuum of infinitely lived agents. To generate transactions, we assume
that in any given period, agents are randomly matched bilaterally. Random-
ness in payments is captured by assuming that an agent needs to transact
with the agent he is matched with as a producer (consumer) with probabil-
ity γ. Consumption gives utility u, while production gives disutility e, with
u > e.7 Agents have a common discount factor, β ∈ (0, 1).
To keep track of production opportunities, we find in convenient to in-

troduce a random variable s ∈ {0, 1}, which equals 1 if a meeting is a trade
meeting (an event of probability 2γ), and 0 otherwise. Throughout the paper
we will assume that production is only possible in trade meetings. In such
a meeting, we let p denote the probability with which an agent chooses to
produce. Thus, p(s) ∈ [0, 1] denotes the outcome in a meeting of type s. If
s = 1 and p(s) = 1, we will assume that automatically, the consumer receives
utility u, and the producer receives disutility e. An allocation within a match
is a function p : s → [0, 1]. Throughout, we will study symmetric station-
ary allocations that can be implemented by strategies that constitute perfect

7The reader might wish to interpret the payment system participants as banks. In that
case, we could think of each bank as being associated with a client. When a client of
one bank produces for a client of another, some payment needs to be transferred to the
producing party. In our setup the client-bank pair is a single economic unit. Thus, when a
client produces, the client-pair bank suffers disutility, and similarly for consumption. This
allows us to concentrate on the incentives within the payment system without modelling
the bank-client relationship itself.
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equilibria. We will refer to such allocations as Incentive Feasible Allocations
(IFAs).
To familiarize the reader with the setup, let us consider the following two

extremes. First, assume that agents are anonymous, there is no commitment,
and there are no assets in the economy. Clearly, these assumptions rule out
reputation effects, as well as any type of trade using currency or any other
asset. Thus, the only IFA is autarky; i.e., p(s) = 0 for all s. Next, consider
the other extreme. Assume the existence of a monitoring and record-keeping
technology that allows for the types and actions of all agents to be perfectly
observed and recorded in every period. In this case, a “credit” equilibrium
can be sustained through a standard reputation argument. In other words,
provided that β is sufficiently high, p(s) = 1 if s = 1 constitutes an IFA; i.e.,
a transaction takes place whenever production is desired.
The interesting cases concern situations in between these two extremes.

For an example, assume that a monitoring technology is not available but
each agent is endowed with the ability to costlessly record his past consump-
tion (production) with an entity which we will call the Payment System (PS).
Throughout the paper we will think of the PS as a central planner to whom
agents report their production or consumption opportunities. The PS cannot
verify whether agents have a production opportunity within a given period.
However, when it takes place, production can be verified. In that case, if, say,
i produces for agent j, the balance of i with the PS is credited by “+1,” while
the balance of j receives an entry of “−1.” We denote an agent’s balance by
d (an integer, not restricted in sign, no upper or lower bound). The fact
that there is no bound on d can be interpreted as a PS policy that imposes
no caps on individual borrowing. We now index the allocation (production
decision) in a match involving an agent with balance d by pd(s).
Clearly, in the absence of a cap on balances, no agent has an incentive to

build up a balance as he can always claim that he did not have a production
opportunity. At the same time, unlimited borrowing implies that declining to
increase one’s balance does not by itself decrease the probability of consuming
in the future. Therefore, for any β, the only IFA in this case is autarky. This
suggests that caps might be necessary in order for transactions to take place.
Put differently, in order for liquidity to be valuable, it must be scarce.8

8The reader might wonder about the case in which the PS can condition its policy on
reports by both agents involved in a transaction. Provided that β is sufficiently high, it
can be shown that the first-best allocation can be implemented in that case, and there is
no need for caps. This, however, relies on rather strong informational requirements. For
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Next, we study the effects of introducing caps on agents’ borrowing. No
penalty is imposed on agents that hit the cap other than that they cannot
borrow further unless they first produce in order to improve their balance. We
will demonstrate that, provided that the discount factor is sufficiently high,
this policy can implement a positive volume of transactions. Intuitively, the
existence of a cap implies that liquidity now becomes sufficiently scarce to
be of value. In addition, sufficiently patient agents will produce in order
to avoid being in a transaction in which the lack of liquidity prevents them
from enjoying consumption. This identifies an interesting trade-off. If the PS
provides little or no liquidity, by setting the cap close or equal to zero, some
welfare improving transactions will not be realized. In the context of the
model, this occurs if an agent faced with a consumption opportunity has hit
the borrowing cap. To minimize the frequency of such inefficient instances,
the PS should set the borrowing cap as high as possible. This, however,
might result in the non-existence of an equilibrium with a positive volume of
transactions.
We now turn to a characterization of IFAs. Let p = [p−C , ..., p0, p1, ...]

denote the vector of allocations, and let x = [x−C , ..., x0, x1, ...] denote the
distribution of agents (both in the population and per type) across states.
In an IFA, associated with a positive cap, C, we have the following value
functions for an agent in state d:

v−C = γ(1−x−C)[p−C(−e+βv−C+1)+(1−p−C)βv−C ]+[1−γ(1−x−C)]βv−C ,
(1)

vd = γpx[u+ βvd−1] + γ(1− x−C)[pd(−e+ βvd+1) + (1− pd)βvd]

+[1− γpx− γ(1− x−C)]βvd, for d > −C. (2)

The difference in the two value functions captures the fact that an agent
that has hit the borrowing cap cannot consume. For the allocation to be
incentive feasible, agents must be better offwhen they choose strategies which
result in this allocation. That is, for all d such that pd = 1, we must have

−e+ βvd+1 ≥ βvd, ∀d ≥ −C, and
u+ βvd−1 ≥ βvd, ∀d > −C. (3)

example, it is necessary that the PS can verify that i and j are in a meeting in which i is
the potential producer. If this assumption is withdrawn, then i can claim (falsely) that it
was j that did not produce for him, etc.
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In addition, for all d such that pd = 0, we must have

−e+ βvd+1 ≤ βvd. (4)

Discounting implies that consuming today is better than consuming at a
later date. Hence, only the producer’s incentive constraint is binding. We
concentrate on IFAs for which xd > 0 for some d > 0. It can be shown that,
under suitable parameter restrictions, the set of IFAs where pd = 1, for some
d, is non-empty. Autarky is always incentive feasible. The next Proposition
asserts that all IFAs involving a positive volume of transactions have the
property that agents increase their balances up to a point. If their balance
becomes sufficiently high, agents will decline opportunities to increase it fur-
ther. This results in some welfare loss since production does not occur in
some meetings when it would otherwise be desirable.

Proposition 1 Assume β is sufficiently high. All stationary IFAs have the
property that either pd = 0 for all d, or there exists D ≥ 0 such that (a)
pd = 1, ∀d ≤ D, and (b) pd = 0, ∀d > D.

This indicates that in order for a positive volume of transactions to take
place, it must be that the cap is set sufficiently low. We now turn to the
question of existence of the stationary distribution, x∗, of agents across states.
For any given distribution, we have shown that there exists D such that
p∗d = 1, for all d < D, and p∗d = 0, otherwise. Using the normalization that
C = 0 we have the following.

Proposition 2 If β is sufficiently high, there exists a stationary IFA in
which pd = 1, for some d. The IFA gives rise to a uniform stationary distri-
bution, x∗.

Proof. LetD be such that p∗d = 1, for all d < D. In a stationary distribution,
D does not change. The law of motion for x is then characterized by

x00 = x0(1− γ(1− x0)) + x1γ(1− xD)

x0d = xd−1γ(1− xk) + xd(1− γ(2− x0 − xD)),

+xd+1γ(1− x0), ∀1 < d < D,

x0
D
= xD−1γ(1− x0) + xD[1− γ(1− xD)]. (5)

In a stationary distribution we have x0d = xd for all d. Suppose x0 = xD.
The law of motion for x implies that x0 = x1 and 2xd = xd+1+ xd−1. Hence,
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xd = xd0 for all 0 < d, d0 ≤ D is a solution to these equations. In other
words, the uniform distribution is stationary.
The following Proposition suggests that the PS should set the cap at the

maximum level consistent with the existence of an equilibrium with trade.

Proposition 3 Consider two IFAs that are implemented by a uniform dis-
tribution of reserves and respective caps C and C 0, with C > C 0. Welfare is
higher in the allocation resulting from the greater cap, C.

Proof. Given the agents’ policy rules, and given that the distribution of
money holdings is uniform, each agent will set p∗d = 1 for d < C(C 0), and
p∗d = 0, otherwise. In a cap y-allocation, under a uniform distribution, the
probability of either consuming or producing is y/(y + 1). Welfare is given
by γ (y/(y + 1))2, which is clearly increasing in y. Hence, welfare is higher
in the C-allocation.
To summarize, the main feature of the model studied so far is that it in-

volves a trade-off between incentives and efficiency. In other words, the full
information first-best allocation, in which the efficient quantity is produced
in each trade meeting, is not incentive feasible. The reason for this is simple.
Caps were shown to be necessary for a positive volume of transaction to take
place as part of an incentive feasible allocation. However, the very existence
of caps implies that the PS cannot sustain the first best level of transactions,
since agents hit the cap with positive probability. This reasoning is reminis-
cent of Levine (1991): agents are unable to consume following a sequence of
“lucky draws” since, in that case, they hit their cap. In addition, relaxing
the cap restriction for all agents, which is accomplished by monetary injec-
tions in Levine’s framework, is impossible here as this would jeopardize the
existence of an equilibrium with a positive volume of transactions. While in
this section we studied a model that involves indivisibilities, this principle
holds true more generally. In the next section, we study optimal PS under
periodic settlement.

3 Optimal Payments under Periodic Settle-
ment

In this section we consider the implementation of optimal volume of transac-
tions under private information, no commitment, and imperfect monitoring.

10



We will extend the model of the previous section in several directions. First,
in order to capture the fact that transactions are subject to imperfect mon-
itoring, we assume that, with probability α, the types of both agents in a
meeting are observable to the PS while, with probability 1− α, the PS can-
not observe whether the meeting is one in which the consumer likes what the
producer can offer.9 Both agents and the PS are assumed to know whether a
transaction is monitored or not. While the opportunity to produce may not
be verifiable, production itself, when it takes place, is always verified. We
will assume, however, that consumption is not verifiable.
As in the previous section, we can establish that, if β is sufficiently high,

an equilibrium can be sustained in which a transaction takes place in each
verified trade meeting, This allocation is supported under the threat that
deviating agents are punished to exclusion. Can we implement an allocation
in which the efficient level of production takes place in all trade meetings,
including the ones in which the opportunity to produce is private informa-
tion? Henceforth, we will refer to this first-best allocation as the efficient
allocation.
The difficulty lies in that, with probability (1− α), the PS cannot verify

whether a trade meeting has taken place. For example, consider a distin-
guished agent who, say, for the k-th time in a row, reports that he could
not produce since he had k consecutive non-trade meetings. Given the in-
formation structure, the PS can verify that the agent had k consecutive
non-monitored meetings (this is an event of probability (1 − α)k). It can
also verify that the agent did not produce in any of these meetings. What
the PS cannot verify, however, is whether the agent had an opportunity to
produce and simply declined, or whether he did not have any trade meetings
(an event of probability (1− γ)k).
In this section we will further generalize the model by assuming that

production of goods is perfectly divisible. Producing q units implies disutility
−e(q), while consumption of q units gives utility u(q). We assume that
e0(q) > 0, e00(q) ≥ 0, limq→0 e

0(q) = 0, and limq→∞ e0(q) =∞. In addition, we
assume u0(q) > 0, u00(q) ≤ 0, limq→0 u

0(q) =∞, and limq→∞ u0(q) = 0. Thus,
there exists a unique optimal q∗such that u

0
(q∗) = e

0
(q∗). In order to simplify

notation, in what follows we will denote u(q∗) by u and e(q∗) by e. We will
restrict ourselves to mechanisms in which the state of an agent consists of a

9In some of what follows we will restrict ourselves to the special case where α = 0.
This is the case most commonly studied in the monetary theory literature.
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one-dimensional real variable. More precisely, our implementation assumes
that each agent has a balance, d ∈ R, with the PS. For simplicity, we assume
that agents’ balances are perfectly observable in all transactions. The PS
prescribes how balances should be adjusted over time as a result of agents’
reports about their transactions. A moment’s reflection should convince the
reader that as in the previous section, the following Proposition holds.

Proposition 4 Provided that α ∈ [0, 1), the allocation in which q∗ is pro-
duced in every trade meeting is not implementable.

The intuition behind this result is simple. If an agent always receives q∗

independent of his history of reports, there is no incentive for him to ever
produce during non-monitored meetings. In that case, production does not
occur in such meetings. Thus, an agent must receive a quantity less than q∗

in at least some occasions.
Can this difficulty be overcome? We will demonstrate that a small amend-

ment to our basic model can overcome the difficulty resulting from imperfect
monitoring. Furthermore, the amended model involves a feature that corre-
sponds well with the institutional reality of actual payments systems, namely
periodic clearing or settlement rounds. To study the effect of settlement in
our model, we introduce a periodic pattern of length n + 1. The first n
periods of each cycle involve, as previously, bilateral transactions. This is
followed by one centralized settlement round, which we model as a Wal-
rasian market. During settlement, agents can trade balances for a general,
non-storable good. Effectively, during settlement agents that are “low” can
increase their balances by producing, while those having excessive balances
end up as consumers. We assume that producing c units of the good gives
disutility −c, while consuming c units gives utility c. Market clearing, thus
requires that, on average (aggregate), c = 0. Importantly, this implies that
the introduction of the settlement round itself does not lead to a welfare
increase. Any welfare improvements come directly from the effect of settle-
ment on the agents’ transaction patterns. The price, p, at which balances
are purchased is determined by market clearing conditions.
In each of the first n periods of the cycle agents engage in bilateral trans-

actions. Recall that in the case where a transaction is monitored, the PS ob-
serves both the type of the meeting and the quantity consumed or produced.
In non-monitored transactions, however, the PS cannot observe whether an
agent that is a potential producer is in a trade meeting or not. Also, it
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is important to recall that if an agent ends up producing in such meetings
production can be verified while, on the other hand, consumption is not veri-
fiable. Throughout, we restrict attention to outcomes that are stationary and
symmetric across agents. It is useful to keep in mind the efficient allocation
in this setup. It is easy to verify the following.

Proposition 5 The (ex ante) efficient allocation involves consumption and
production of q∗ in all bilateral trade meetings. Efficiency implies that, prior
to the settlement round, E[c] = 0, for all agents.

Note that c is indeterminate, due to linearity. However, expected (av-
erage) c will equal zero. Clearly, if the PS can observe both agents’ types;
i.e., if α = 1, the efficient allocation can be implemented provided that β
is sufficiently high. In what follows we will concentrate on the case where
α ∈ [0, 1). The choice of n, which refers to the frequency of the settlement
rounds, is of interest, and we will discuss this further later. For now, we will
simply impose that n = 1 and proceed to study the optimal payment system
given the above setup.

3.1 The Benchmark Case: n = 1

In what follows, we analyze a generic period t and work backward, first
considering the agent’s problem in the settlement round, and then moving
on to the transactions stage. Let V (d, p) denote the value function of an
agent that exits the transaction round with balance d. Let v(bd,Ψ) denote
the value when he exits the settlement round with balance bd, given that the
resulting distribution of balances is given by Ψ. Taking as given the price,
p, and the distribution of balances at the end of the settlement round, Ψ,
agents solve the following problem at the beginning of the settlement round:

V (d, p) = max
c,d
{−c+ βEv(bd,Ψ)}

s.t. pbd = pd+ c. (6)

As a consequence of linearity, Ψ is degenerate. That is, all agents exit
with the same balance. This feature greatly improves the tractability of the
problem. In addition, it fits well with the fact that actual payment systems
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require settlement of all debts at the end of a specified period, usually a day
or a month.
Next, we describe the problem faced by the PS during the transactions

round. The PS maximizes a welfare function that involves all matches
weighted by their frequency as implied by Ψ.
Let d ∈ R2 denote the vector of balances of two agents that are matched

during the transactions round. As mentioned earlier, we assume that bal-
ances are always observable to the PS. We shall think of agents as making
reports to the PS about the type of the meeting that they are in. Agents
that report a trade meeting as producers receive instructions from the PS
about how much to produce. Consumers report the quantity they consumed.
The PS subsequently makes balance adjustments that depend on these re-
ports. Like before, we assume that production and delivery of goods in
non-monitored transactions is verifiable, while consumption is not. In addi-
tion, agents that refuse to produce in monitored transactions are punished
to permanent exclusion.
Observe that, ignoring the agents’ balances, there are six possibilities re-

garding meetings. An agent can be in a consumption, a production, or a
non-trade meeting that is either monitored or non-monitored. The vector of
policy rules (Pt, Rt, At, qt) determines the new balances as well as the quantity
produced, qt, for agents involved in monitored transactions. These functions
in general may depend on the agents’ current balances d and on the distrib-
ution of balances, Ψ. More precisely, Pt(Rt) gives the balance adjustment for
an agent who consumes(produces) in a monitored transaction, while At is the
adjustment resulting from not trading in such a transaction. Similarly, the
vector of policy rules (Lt,Kt, Bt, Qt) determines the new balances and the
quantity produced, Qt, for agents involved in non-monitored transactions.
Like before, Lt(Kt) is the adjustment for an agent who consumes(produces)
in a non-monitored transaction, while Bt is the adjustment for an agent who
does not transact. Recall that balances are represented by real numbers not
restricted in sign, while production of goods is restricted to be positive. At
the end of the transactions round balances are adjusted according to reports,
and agents enter the settlement round knowing their new balances.
We will concentrate on arrangements that satisfy certain incentive and

participation constraints. The incentive constraints require that the following
inequalities hold:
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V (d+ L, p) = V (d+B, p), (7)

−e(Q) + V (d+K, p) ≥ V (d+B, p). (8)

The first incentive constraint holds with equality as consumption is not ver-
ifiable when there is no monitoring. In addition, participation constraints
require that agents are better off staying in the system, i.e.,

V (d+A, p) ≥ 0, (9)

V (d+B, p) ≥ 0, (10)

−e(q) + V (d+R, p) ≥ 0, (11)

u(q) + V (d+ P, p) ≥ 0. (12)

We are now ready to formally define a payment system.

Definition 6 A Payment System S is defined to be an array of functions S =
{Pt, Rt, At, qt;Lt,Kt, Bt, Qt}. S is incentive feasible if the array satisfies the
incentive and participation constraints. S is simple if balance adjustments do
not depend on the agents’ current balances. An incentive feasible S is optimal
if it can implement the efficient allocation.10

Let v(d) be the expected value of an agent with balance d in a meeting
with an agent with balance ed. This is given by

v(d) = α{γ[u(q) + V (d+ P, p)] + γ[−e(q) + V (d+R, p)]

+(1− 2γ)V (d+A, p)}
+(1− α){γ[u( eQ) + V (d+ L, p)] + γ[−e(Q) + V (d+K, p)]

+(1− 2γ)V (d+B, p)]}. (13)

The next Proposition presents a necessary and sufficient condition for
an optimal PS to exist. This condition is that βu ≥ e. Interestingly, this
inequality is identical to the one required for the existence of monetary equi-
libria in related monetary models. It can be shown that, provided that the

10To simplify notation we shall often suppress the dependence of S on t.
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above condition holds, a variety of PS can be used to implement the optimal
allocation. Examples include PS that operate under a Friedman rule, under
which nominal balances shrink at the rate of time preference, as well as PS
in which nominal balances remain constant over time. In what follows we
will concentrate on simple PS.

Proposition 7 There exists a simple optimal PS such that d̂t = d̂, for all t,
if and only if βu ≥ e.

Proof. For simplicity, we consider the case where α = 0. Let Qt(d, d
0) be

defined by

Qt+1(d, d
0) =

½
Q∗, if d0t = a;
0, if d0t 6= a;

(14)

where Q∗ satisfies u0(Q∗) = e0(Q∗), and a ∈ R. Hence, if the balance of the
potential consumer is a, the producer produces the efficient quantity, other-
wise no production takes place. Note that a is an arbitrary real number and
can be normalized to 0. Define the balance adjustments (K,L,B) through
the following three equations

B = L, (15)

−e+ V (d+K, p) = V (d+B, p), (16)

γK + γL+ (1− 2γ)B = 0, (17)

where we have used the fact that Qt is time-independent and, hence, d̂ —
as well as p — is constant over time. The first two equations express the IC
constraints. The third equation ensures a law of motion on the equilibrium
aggregate balances that is consistent with d̂ being constant over time. Note
that V in period t only depends on the distribution of balances through the
expected costs of production in the next transactions stage, e(Qt+1). These
costs are, in turn, a function of the matching partners’ choice of balances.
The choice of an agent’s own balance only influences the amount he can
consume in the next transactions stage.
We guess that in a perfect equilibrium, given the balance adjustments

(K,L,B) defined above, every agent chooses balances d̂t = a in all settlement
rounds. Let Xt denote the expected balance adjustment prior to the period t
transaction round. To verify that these strategies form a perfect equilibrium,
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we only need to verify that all PCs hold. These are given by

V (d̂t−1 +Xt, pt) ≥ 0, (18)

u+ V (d̂t−1 +B, pt) ≥ 0, (19)

−e+ V (d̂t−1 +K, pt) ≥ 0. (20)

Since the second one is fulfilled whenever the first one holds, and the third
inequality holds whenever the IC conditions hold, it is sufficient to verify
that V (d̂t−1+Xt, pt) ≥ 0. Using the linearity of V , the stationarity of d and
p, and the fact that E[Xt+1] = 0, we have the following.

V (d̂t−1 +Xt, pt) = −ptd̂t + ptd̂t−1 + ptXt + βE[v(d̂t,Ψ)]

= ptXt + βγ(u− e) + βE[V (d̂t +Xt+1, pt+1)]

= ptXt + βγ(u− e) + βV (d̂t, pt+1) + βpt+1E[Xt+1]

= ptXt + βγ(u− e) + βV (d̂t, pt+1). (21)

Given that d̂t−1 = d̂t, this yields

V (d̂t, pt) =
β

1− β
γ(u− e). (22)

From the definition of (K,L,B) we have that K = (1− γ) e
p
and B = −γ e

p
.

Hence, V (d̂t−1 +Kt, pt) > V (d̂t−1 +Bt, pt) and, by the linearity of V ,

V (d̂t−1 +Bt, pt) = ptBt + V (d̂t−1, pt)

= −γe+ β

1− β
γ(u− e) ≥ 0, (23)

which holds if βu ≥ e.
For the converse, suppose that βu < e. Let ρt+1 denote the aggregate

change in balances in period t + 1. Since Bt+1 = Lt+1, the following three
conditions must hold for a simple PS to be optimal.

[γKt+1 + (1− γ)Bt+1] = E[Xt+1] = (ρt+1 − 1)dt (24)

pt+1Kt+1 − e ≥ pt+1Bt+1 (25)
1− ρt+1
ρt+1

pt+1dt+1 +
β

(1− β)
γ(u− e) ≥ −pt+1Bt+1. (26)
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Note that the last inequality is the participation constraint, V (dt+Bt+ 1, pt+1) ≥
0, where we have used the fact that pt+1(dt− dt+1) =

1−ρt+1
ρt+1

pt+1dt+1. We can
replace pt+1Kt+1 everywhere to obtain two inequalities that involve onlyBt+1:

ρt+1 − 1
ρt+1

pt+1dt+1 − γe ≥ pt+1Bt+1, and (27)

1− ρt+1
ρt+1

pt+1dt+1 +
β

(1− β)
γ(u− e) ≥ −pt+1Bt+1. (28)

Combining these two we obtain

1− ρt+1
ρt+1

pt+1dt+1 +
β

(1− β)
γ(u− e) ≥ 1− ρt+1

ρt+1
pt+1dt+1 + γe, (29)

or
β

(1− β)
γ(u− e) ≥ γe. (30)

This is a contradiction.
A few remarks are in order. First, although the PS we constructed in the

above proof operates under constant nominal balances, it can be shown that,
provided that βu ≥ e, a variety of PS can be used to implement the optimal
allocation. For example, as mentioned earlier, a PS that operates under
a Friedman rule, under which nominal balances shrink at the rate of time
preference, is also optimal. It is also straightforward to adjust the argument
given here for the case where α > 0 and for the case where n > 1.11

Using the incentive and participation constraints, we can point to fur-
ther properties of S. First, note that since consumption in non-monitored
transactions is not verifiable, in order for an agent that consumed to report
truthfully, S needs to treat him the same way as if he reported a no-trade
meeting; i.e., B = L < 0, which means that irrespective whether agents can
consume Q∗ or are in a no-trade meeting, they are penalized with decreasing
balances. In addition, it must be that pt(K−B) ≥ e(Q∗), ∀t. In other words,
agents are rewarded for producing in non-monitored transactions. Finally,
it should be clear that while the proposed PS implies that E[c] = 0 for all
agents, it will clearly not result in each agent having the same c due to the
incentive constraints.
11The existence of some monitored transactions actually helps to implement the efficient

outcome for lower values of β — or, as we will see later, given β, for higher values of n. The
reason is that −B can be set lower than when α = 0, which relaxes the (most) binding
participation constraint.
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3.2 Settlement Frequency

The case where n = 1 is of limited interest as it literally implies that settle-
ment takes place after every transaction. In reality, periodic settlement takes
place at the end of a specified period of time (usually a day or a month).
While the choice of the optimal frequency of settlement is interesting to an-
alyze for policy purposes, here we will simply assume a settlement round
after a transactions stage of length n > 1. In particular, we will derive suffi-
cient conditions for a PS to implement an optimal allocation with respect to
(q∗, Q∗, E[c∗]) for the general case where n > 1.
We will assume that agents discount factor during each transaction round

is β̃. We will consider two cases: when there is discounting (β̃ = β) and
when there is no discounting (β̃ = 1). However, we assume that there is no
discounting between the last round of the transactions stage and the next
settlement round. In addition, we assume that there is always discounting
between the settlement round and the first round of the next transactions
stage. We have the following.

Definition 8 A PS is history-independent if the balance adjustments in any
round s, 1 < s ≤ n, of the transactions stage do not depend on the transac-
tions in the previous s− 1 rounds.

For simplicity, in what follows, we will concentrate on history-independent,
simple PS.
The next result demonstrates conditions under which an optimal simple

repeated PS does not exist. The intuition behind the result is similar to the
one obtained in Levine (1991), but coming from a very different model.

Proposition 9 Assume that β̃ = β < 1. Consider the repeated PS that
replicates n-times an optimal simple PS for the case where n = 1. This PS is
optimal if and only if βnu > e. Thus, there exists n̄ ≥ 1 such that a repeated
simple PS is optimal if and only if n < n̄.

Proof. Denote the aggregate change in balances in period t+1 by ρt+1 and
let ρ = Πn

1ρt+s be the total aggregate change in balances across the n-period
cycle. Assuming a simple repeated PS, balances within the cycle that are
given by

Xt+s =
Xt+n

βn−s
(31)
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for all s = 1, . . . , n, where Xt+n = X is the balance adjustment for the
optimal PS when n = 1.
First, recall that for a simple repeated PS, whenever the PC for the n-th

period and for
Pn

s=1Bt+s are fulfilled, all other PCs are also fulfilled. Hence,

1− ρ

ρ
pt+ndt+n +

β

1− βn

Ã
n−1X
s=0

βs

!
γ(u− e) ≥ −pt+n

nX
s=1

Bt+s. (32)

Second, using Bt+s = Lt+s, for all s = 1, . . . , n, the aggregate law of
motion is given by"

γ
nX

s=1

Kt+s + (1− γ)
nX

s=1

Bt+s

#
= E[Xt+n] = (ρ− 1)dt. (33)

Third, in every period, the IC is given by

−e+ βn−spt+nKt+s ≥ βn−spt+nBt+s, (34)

for all s = 1, . . . , n or. Using the definition of Xt+s, this can be written as

−e+ pt+nKt+n ≥ pt+nBt+n. (35)

Note that the last equation implies that the IC are identical for all periods of
the cycle. This property follows from the construction of the simple repeated
PS. Now, using the fact that

nX
s=1

Xt+s =
1− βn

βn−1(1− β)
Xt+n, (36)

we obtain for the law of motion that

pt+nKt+n =
1

γ

βn−1(1− β)

1− βn
ρ− 1
ρ

pt+ndt+n −
1− γ

γ
pt+nBt+n. (37)

Replacing pt+nKt+n in the IC we obtain two inequalities that involve onlyPn
s=1Bt+s:

ρ− 1
ρ

pt+ndt+n − γe
1− βn

βn−1(1− β)
≥ pt+n

nX
s=1

Bt+s, and (38)

1− ρ

ρ
pt+ndt+n +

β

(1− β)
γ(u− e) ≥ −pt+n

nX
s=1

Bt+s. (39)
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The efficient allocation is implementable if and only if both inequalities are
fulfilled. This is the case whenever

1− ρ

ρ
pt+ndt+n +

β

1− β
γ(u− e) ≥ 1− ρ

ρ
pt+ndt+n + γe

1− βn

βn−1(1− β)
, (40)

or, whenever
βnu ≥ e. (41)

Finally, note that, if n is large, the LHS of the above condition converges to
zero. Thus, for every β < 1, there exists N such that for n > N an optimal
simple repeated PS does not exist.
The following follows as a corollary of the above Proposition.

Proposition 10 Assume that β̃ = 1. For any n ∈ N , an optimal repeated
simple PS exists if and only if βu > e, i.e., if there exists a simple optimal
PS when n = 1. The optimal PS in this case replicates n-times the optimal
PS for the case where n = 1.

4 Comments

We characterized the optimal payment system in a dynamic model in which
the ability of agents to perform certain welfare improving transactions is sub-
ject to random and unobservable shocks. Implementation involved assigning
individual balances to agents and optimally adjusting these balances given
their histories of transactions. The existence of an equilibrium in which
agents transact through a payment system requires certain caps on short-
term borrowing. We showed that in the absence of settlement, incentive
constraints imply that the full information first-best allocation cannot be
implemented. The first-best is implementable if settlement is introduced,
provided that it takes place with a sufficiently high frequency. In contrast,
if settlement rounds are infrequent, we demonstrated that the first-best al-
location is not implementable, at least within a restricted class of payment
systems.
Our conclusions about the welfare improving role of settlement fit well

with the institutional reality of actual payment systems. Indeed, settlement
has been an integral part of both whole-sale net systems, in which it occurs
at the end of each day, as well as of retail payment systems, (e.g., credit
cards), in which settlement occurs usually at the end of each month. On the
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other hand, our current model cannot be used to study the question of op-
timal settlement frequency since we abstract from any costs associated with
increased frequency. In that regard, by introducing a dynamic general equi-
librium model in which incentive constraints rationalize a welfare improving
role for settlement we have only scratched the surface.
Our model could be used to investigate several other issues related to

payments. An open question is whether more complicated payment systems
than the ones considered in this analysis could implement the first-best under
less restrictive conditions. Although we have not studied this issue formally,
we suspect that the answer is no, in general. In addition, one could extend
our analysis to study properties of reasonable payment systems in the case
when the first-best cannot be supported. Finally, given that we deal with
dynamic incentives, we could investigate the time-consistency of various PS
policies, a problem that the current analysis abstracts from. This relates
to the debate of public versus private provision of payment system services
since optimal dynamic schemes might, in general, require some commitment.
A more general topic involves the study of optimal dynamic contracting in
abstract private information environments in which there are periodic “full
information rounds.”
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5 Appendix

Proof of Proposition 1: Clearly, if β becomes arbitrarily small, it is not
possible to implement production even in the presence of caps. For part (a)
we assume, without loss of generality, that C = 0. Let p∗ denote a stationary
allocation and x∗ denote the stationary distribution of agents across states.
Then

vd+1 − vd = γx∗p∗β(vd − vd−1) + (1− γx∗p∗)β(vd+1 − vd)

+γ(1− x∗0)p
∗
d+1[β(vd+2 − vd+1)− e]

−γ(1− x∗0)p
∗
d[β(vd+1 − vd)− e]. (42)

The proof of part (a) then follows from the following Lemma.

Lemma 11 Suppose that d0 > d. There is no IFA with d ≥ −C such that
p∗d = 0 and p

∗
d0 = 1.

Proof. We proceed by contradiction. Without loss of generality, let d0 =
d+ 1. As p∗d = 0 and p∗d+1 = 1, we can use the expression for vd+2 − vd+1 to
obtain

β(vd+1 − vd) = β(vd+2 − vd+1) +
1− β

γx∗p∗
(vd+2 − vd+1)

+γ(1− x∗0)β[(vd+2 − vd+1)− (vd+3 − vd+2)]. (43)

Since β(vd+2 − vd+1) +
1−β
γx∗p∗ (vd+2 − vd+1) > e and p∗d = 0, it must be that

(vd+3 − vd+2) > (vd+2 − vd+1). For p∗ to be incentive feasible, it must then
be that p∗d+2 = 1. Re-writing the expression for vd+3 − vd+2, we have that
vd+4 − vd+3 > vd+3− vd+2. Proceeding by induction we obtain that vd+n+1−
vd+n > vd+n − vd+n−1, for all n > 0, and p∗d+n+1 = 1, for all n. Hence, for
some n large enough, we must have β(vd+n+1− vd+n) > u, which contradicts
incentive feasibility.

Turning to part (b), it can be shown that, for β sufficiently large, in all
IFAs the expression vd+1−vd is strictly decreasing in d. It is easy to see that,
given that vd+1 − vd is monotonically decreasing, we have that vd+1 − vd <
β(vd − vd−1). This, in turn, implies that vd+1 − vd < βd(v1 − v0) ≤ βd−1u,
where the last inequality follows from the fact that β(v1 − v0) < u. Hence,
there is a D sufficiently large, so that β(vD+1 − vD) < e and p∗d = 0 for all
d ≥ D.¥
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