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Abstract: This paper examines the nonparametric testable implications
of a simple moral hazard model of mutual insurance. We demonstrate that if
the data only contains information related to agents‘ optimal effort choice then
the testable implications are minimal. The budget constraint, fair prices and
consumption smoothing are the only testable implications of the model. With
additional information associated with the off-equilibrium effort level, there are
data sets where these conditions are satisfied but the data cannot be rational-
ized by our model. Under both assumptions on the data, if the data can be
rationalized then we construct a rationalizing utility function.
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1 Introduction

In this paper, we derive the testable implications of a simple moral hazard
model of mutual insurance in a general equilibrium economy. Moreover, we
characterize the utility functions that rationalize a data set consistent with the
moral hazard model. The model described in this paper (suggested by Gottardi
(1998)) is a simplified version of general equilibrium models with asymmetric in-
formation for example Prescott and Townsend (1984), Bennardo and Chiappori
(1998).

Moral hazard refers to asymmetric information economies in which an agent
can choose costly private actions that affect the probability of suffering a loss.
These models are widely used in applied areas of microeconomics (see Stadler
and Castrillo (1999), Chiappori (1998)). In most applications, the utility func-
tions satisfy some parametric restrictions. This joint hypothesis does not allow
an independent test of the moral hazard model. In this paper, our analysis is
nonparametric, hence eliminating the specification error implicit in assuming
that utility functions are members of some parametric family. Afriat (1967) ini-
tiated the method of constructing non-parametric tests for utility maximization.
Afriat’s theorem shows the equivalence of the existence of a concave monotonic
continuous utility function that rationalizes the data, an axiom of revealed pref-
erence (a condition on observed variables only), and the existence of a solution
to a system of linear inequalities (with utilities and marginal utilities as un-
knowns). Varian (1982,1983) takes this approach to derive nonparametric tests
of consumer behavior under different assumptions (separability, homotheticity,
the expected utility model). Brown and Mazkin (1996) derive nonparametric
testable restrictions on the equilibrium manifold in a pure trade economy. They



introduce the use of the Tarski-Seidenberg theorem and quantifier elimination
to derive testable restrictions of the model. Snyder (1999) follows Brown and
Matzkin’s method to examine the testable restrictions of Pareto optimality in
a public goods economy

In this paper, we assume that we observe a finite data set consisting of n
observations. Each observation includes the variables: prices, consumption, in-
come and probabilities. These observed values are assumed to be the values
for the infinity of identical agents in every observed economy. We look for re-
strictions that will enable us to test the hypothesis that the data is consistent
with the model. By assumption, the infinity of agents are identical across ob-
servations in the sense that they have the same Bernoulli utility function and
the same effort costs in terms of utility. However, observations may differ in
the possible values wealth can take, in the probabilities, and therefore also in
the optimal choices of effort and consumption. The data may consist of cross
sectional observations, for example different states in the United States. The
Bernoulli utility function is the same for agents in all states but the risk differs
across states.

One problem that arises when seeking to test moral hazard models is that
if agents choose high effort, we may only observe the economic consequences
associated with this effort choice. The data may contain no information about
what would have happened if the agent had chosen the low effort. For example
when agents choose high effort we may learn from the data the probability of
outcomes contingent on high effort, but not the probability distribution con-
tingent on low effort. We first explore the case where the economist can only
observe variables related to the effort that agents optimally choose. Then we
turn to the case where the economist also knows the probability distribution
that corresponds to the unchosen low effort level.

When the data consists of variables relating only to the optimal effort level
that the agents actually chose, that is endowment consumption bundles and
probabilities and insurance prices associated with agents’ optimal choices of ef-
fort, the nonparametric testable restrictions on the data are very weak. When
the optimal choice is high effort, the budget constraint, fair prices and consump-
tion smoothing are the only testable restrictions that can be derived from the
moral hazard model. Hence, it is difficult to reject the model. Given a data set
that satisfies these restrictions we show existence of a strictly concave utility
function (a CRRA utility) that rationalizes the data.

To show that a data set is consistent with the model given a particular
concave utility function, we need to find values for the unobserved effort costs
and the low effort probabilities so that all the conditions for an equilibrium
in the model are satisfied for all the observations. In an equilibrium where
agents choose high effort the incentive compatibility constraint binds. Equilib-
rium consumption is therefore the point of intersection of the binding incentive
compatibility constraint and the budget constraint. The budget constraint is
observed and the observed consumption point is assumed to lie on it. The incen-
tive compatibility constraint on the other hand, depends on unobserved utility
function effort costs and low effort probabilities. The data can be rationalized



if the unobserved can be chosen to make the incentive compatibility curve pass
exactly through the observed consumption bundle. When the probability as-
sociated with low effort is not observed, this free parameter can be used to
move the incentive compatibility curve to make it intersect with the budget line
exactly in the observed consumption bundle

To be a little more precise, given data, if we pick some concave Bernoulli
utility function, we are left with the difference between effort costs and the low
effort probability as free variables. In order to rationalize the data with the
utility we picked, we need to choose effort costs and probabilities such that
the consumption bundles will solve the incentive compatibility constraint with
equality, and choosing high effort will be better for the agent than choosing low
effort and fully insuring herself. The incentive compatibility constraint and the
condition for optimal choice of effort level imply a lower bound and an upper
bound respectively on the probability of the good state contingent on low effort
in every observation. Combining these bounds gives a necessary and sufficient
condition for a concave utility function to rationalize a given data set.

The risk neutral utility function can rationalize any data satisfying the bud-
get constraint, fair prices and the smoothing condition. The intuition behind
this is that a risk neutral agent cares only about her expected consumption.
Therefore, when the cost of high effort is not too large, high effort is preferred
since it allows the agent to enjoy a higher expected consumption. Finding ef-
fort costs and probabilities so that the data is consistent with the model when
the utility is risk neutral is therefore always possible. The risk neutral utility
function is a special case of the family of CRRA utility functions. It satisfies
the necessary and sufficient condition that we derive for a utility function to
rationalize the data. We show that if the coefficient of relative risk aversion is
small enough (the agent is not too risk averse) then CRRA utility also satisfies
these necessary and sufficient conditions so that the utility function rationalizes
the data as high effort moral hazard equilibria.

Surprisingly, if in addition to the observations with consumption smoothing,
we have observations with full insurance then we can still find a utility function
and effort costs to rationalize the data with the moral hazard model. Hence, the
additional observations do not imply additional testable restrictions. Consider
a data set with n consumption smoothing observations that satisfy the budget
constraint and m observations with full insurance that also satisfy the budget
constraint. We can interpret such data as generated by our model treating the
n consumption smoothing observations as high effort moral hazard equilibria
and the m full insurance observation as equilibria in which agents chose low
effort and a full insurance contract. We show that any utility function that
rationalizes the first n consumption smoothing observations also rationalizes
the entire data set. To rationalize the data we first rationalize the high effort
observations. Then for full insurance observations we choose the unobserved
high effort probabilities in a way that will make the endowment bundle be the
optimal choice of a high effort agent and this will always be worse than low
effort and full insurance.

We also look for testable implications of the model when we assume the



economist has information about the probabilities associated with both levels
of effort (or the corresponding prices) in addition to the consumption bundles
and endowments. Even if we have data consisting of high effort observations, we
may be able to observe the probability of a good state if low effort were chosen.
This information can be determined from past periods in which high effort was
either not available or too costly so that the agents employed low effort. Or,
it may be that people know the consequence of low effort, for example it may
be clear that with low effort a bad state always occurs. Or it can be that the
insurers know the low effort probabilities from research or experiments and this
information is inferred by the economist from prices in an insurance contract
that is available but not purchased.

When the data contains information about the probabilities associated with
both effort levels the model is shown to be testable in the sense that we derive
a set of necessary and sufficient linear inequalities that the data must satisfy to
be consistent with the moral hazard model. In this case the budget constraint,
fair prices and consumption smoothing are no longer sufficient for the data to be
consistent with the model, stronger restrictions on the observable variables must
hold in order for the data to be rationalized by some concave utility function.
In this case where both probabilities are observed, the Bernoulli utility function
and effort costs are the only unobserved. Since these need to be the same for
all observations, we lose the freedom (that we have if low effort probability is
unobserved) to move each incentive compatibility constraint to pass through
the different consumptions bundles. In some data sets, the different probabil-
ities and consumptions in different observations may not allow for a choice of
one common utility function that generates incentive compatibility constraints
that pass through the corresponding consumption points. There are data sets
inconsistent with the model hence it is testable.

When the data can be rationalized, the rationalizing concave utility function
can be constructed as in Afriat (1967), but we can no longer guaranty that there
is a CRRA utility function that rationalizes the data. When we can observe the
probabilities associated with both effort levels, it is possible to find data sets
that satisfy the budget constraint, fair prices and the smoothing condition but
for which it is impossible to find effort costs such that the data satisfy the
incentive compatibility constraint.

Section 1 describes the moral hazard model and gives some previously known
results about the equilibrium of the model. In part A of section 2 we derive the
testable implications of the model when the data contain information related to
the optimal effort choice, and we characterize the utility functions that rational-
ize a specific data set. In part B we consider data sets that contain information
associated with both effort levels. We derive the linear equilibrium inequalities.
We show that the system is nontrivial and that the restrictions are stronger
than the ones derived earlier.



2 Model

In the model, there are infinitely many identical agents. There are two time
periods t = 0,1. There is one consumption good consumed at ¢ = 1. Agents
face risk, each agent’s endowment (or wealth) is a random variable W that is
realized at t = 1. Wealth can take one of two possible values Wg > Wg > 0.
The difference W — Wp can be thought of as a possible loss. For example, the
bad state might be one where an accident happens to the agent. The random
endowments of all agents are independent and identically distributed (IID).
Since we have identical agents and we focus on symmetric equilibria, we drop
the agent index in order to keep notation simple.

An agent can effect the distribution of wealth (or her chance to suffer a loss)
by her choice of effort level. There are two effort levels available for each agent,
e = H is the high effort and e = L is the low effort. Agents choose effort level
at time t = 0. High effort can be interpreted as being more careful. The effort
is costly to the agents in terms of utility. The costs of high effort and low effort
are denoted Vy and Vg, respectively. High effort costs more, Vi > V. The
probability distribution for W depends on the agent’s effort. Wealth W takes
the large (good) value W with probability II. (e = L or H), and the small
(bad) value Wp with probability 1 — II.. There is a higher probability for the
good state if the agent chooses high effort, 1 > Iy > IIp > 0.

This is a model of mutual insurance where an agent can insure by buying
securities that pay a unit of consumption contingent on the realization of her
random wealth, W. Assets are sold by an insurance company that serves as
an intermediary. Every agent can trade with the insurance company only in
her own securities. Insurance is assumed to be fair and the insurance mar-
ket clears. Contracts are exclusive, the agents trade with one intermediary
who observes their trades. Each Agent’s preferences are represented by a Von
Neumann-Morgenstern expected utility function separable in wealth and effort
costs, Efu(z)|e] — Ve, where u(x) is a concave increasing Bernoulli utility func-
tion. The expectation and the cost of effort V. depend on the effort level e.

We will now characterize equilibrium in the model. The results in this section
are well known from previous analysis (e.g.Bennardo and Chiappori (1998) and
Gottardi (1998)), and included in this paper since our analysis is based on these
results. Lemma 1 summarizes the characterization of equilibrium as a system
of polynomial inequalities. This format will be most helpful for the study of
testable implications in section 2.

First we consider the symmetric information case where the effort, e is ob-
served.

Let Pge be the price at t = 0 of the asset delivering one unit of good in state
G, if the effort level is e. And Ppg. be the price at ¢ = 0 of the asset delivering
one unit of good in state B, if the effort level is e.

The agent’s choice problem is:
maxE[u(x)le] — Ve
{z.e}

)



Subject to:
Xe>0,Xp>0 (1)

Budget constraint:
PgelXa — Wg]+ Pe[Xp —Wg]=0 (2)
The market clearing condition is:
Ie[Xe — W] + [1 - IL][Xp — Wp] =0 (3)

This is the market clearing condition since by the law of large numbers, the
fraction of individuals that get a good realization of W is Il., when all agents
choose effort level e. Note that each agent trades her own securities, that is, the
assets an agent buys will deliver a unit of good contingent on the realization of
this agent’s random endowment and not on other agents. Agents cannot trade in
securities contingent on someone else’s realization of endowments. The market
clearing condition is written in expectation however, since there are an infinite
number of agents, markets exactly clear, meaning that the insurance company
will have zero profit.

If the parameters of the model are such that:

w(E(W|H)) — Vg > uw(E(W|L) -V,
the competitive equilibrium of the complete information model is:

X&=Xp=EW|H)
e*=H

PGe:HeypBezlfne

Hence, in the complete information case there is full insurance, a Pareto
efficient outcome.

Now consider the asymmetric information case where the choice of effort is
unobserved. The insurer needs to impose the incentive compatibility constraints
in order to be able to condition prices on the unobserved effort. Agents can buy
assets at prices Pg. and Pp. only if the amounts of assets they demand satisfy
the incentive compatibility constraint for effort level e. According to this model
agents choose an effort level H or L and consumption levels X and Xp (or
purchases of state contingent assets) to maximize expected utility subject to an
additional constraint, the incentive compatibility constraint:

LU (X)+[1-IL]U(X )~V > T U(Xe)+[1-ILJU(Xp)—Ve (e £ er) (4)

To solve this problem the agent can find the optimal consumption bundle
contingent on her choosing effort level H, (Xgn, Xpy) and the optimal bundle



contingent on her choosing effort level L, (Xgr, Xpr). Then she chooses the
effort level that gives her highest utility, and the corresponding optimal bundle.

Definition 1. Given probabilities, 1 > IIg > II;, > 0, endowments, Wg >
Wpg > 0 and costs of effort, Vg > V7,

{(Pou,Psn), Por, Psr), (Xcu, Xsn), (Xar, XBr)} € RS

is a high effort moral hazard equilibrium if:

1. For e = L, H (Xge, Xpe) solves the agent’s choice problem, the maxi-
mization of his expected utility subject to non-negativity, the budget and the
incentive compatibility constraint.

2. High effort is preferred to low effort:

HHU(XGH) + [1 — HH]U(XBH) — Vg > HLU(XGL) + [1 — HL]U(XBL) - VL

3. The market clearing condition (3) for e = H, L.

Similarly, we define a low effort equilibrium by changing the direction of the
inequality (5).

Let us characterize the solution to the agent’s problem for each effort level
in the case

(Peu, Ppr) x (Ig,1 —Iy) and (Pgr, Ppr) o« (1,1 —1I1)

(prices proportional to the probabilities). For the low effort level, L, the solution
to the agent’s choice problem for e = L is the full insurance point

Xaor =Xpr = Wg+[1-1I|Wg

(Point F in figure 1). The reason being that this point is feasible for the agent
and being risk averse she prefers it to any other point on her budget line. For
the high effort level, we will see that the solution to the agent’s choice problem
is the point of intersection between the high effort budget line and the incen-
tive compatibility constraint when solved with equality (point X* in figurel).
The pairs (Xg, Xp) in Ri can be partitioned to a set for which the incentive
compatibility constraint with e = H holds (the shaded area), a set for which
incentive compatibility with e = L holds, and a set (curve) for which incentive
compatibility holds with equality. (See figurel).

The budget lines are decreasing. The curve denoted in figure 1 with IC is
the collection of points for which the incentive compatibility constraint holds
with equality. On this curve, X¢ is implicitly defined as a function of Xp by the
incentive compatibility when solved with equality. This is an increasing function
(not necessarily convex). All points on the 45° line are such that low effort is
preferred to high effort since when X = Xp incentive compatibility reduces to
—Vy < —Vp. If the set of feasible points in the e = H problem is non-empty
then there is a unique intersection of IC and the budget line. All points above
IC are such that high effort is preferred. Since the agent has an increasing utility



function, her optimal choice must be on the budget line. The point at which
IC intersects the budget line second order stochastically dominates any other
feasible point on the budget line and therefore it is the optimal choice for the
agent.

An equilibrium in this model exists. Let (Pgy, Pey) = (Ilg,1 —IIy) and
(Par, Ppr) = (I, 1-11I). If the point of intersection of IC and the budget line,
X* is preferred to the full insurance low effort level point, F, then there is a high
effort moral hazard equilibrium (agents all choose high effort and consume X*).
Otherwise, there is a low effort equilibrium with full insurance consumption.
The equilibrium is constrained Pareto optimal (under incentive compatibility
constraint).

Lemma 1 1. Given a strictly concave utility function , effort costs Vg > Vi,
endowments Wg > Wpg > 0 and probabilities 11 > I,

{(Xeu,Xsn), Xer, Xsr), Peu, Pen), (Por, Ppr)} € RS

18 a high effort moral hazard equilibrium if and only if the following conditions
are satisfied:

Cl. My = prts and 11, = prro—

C2 Xgr=Xpr = Wg+ (1 — HL)WB

C3. Pou(Xgu —Wq) + Peu(Xpw —Wg) =0

C4 VH — VL = (HH — HL)[U(XGH) - u(XBH)]

Cs. HLU(XgH) + (1 — HL)U,(XBH) — U(HLWG + (1 — HL)WB) >0

2. These conditions imply consumption smoothing,
We > Xy > Xy > W (5)

The first condition means that prices are actuarially fair. The second condi-
tion states that agents fully insure if they choose low effort. The third condition
is the budget constraint. The fourth condition is the incentive compatibility
constraint which holds with equality in equilibrium. The fifth condition states
that high effort is preferred to low effort. The proof is straightforward.

3 Testable Implications

We now derive the testable implications of the model. Assume that we observe
a finite data set, index the observations ¢ = 1..n. We look for restrictions
on the observed data that will enable us to test the hypothesis that the data
is consistent with the model. The data is consistent with the model (we can
rationalize the data) when there exists a concave utility function and effort costs
(common to all observations) such that the observed data can be explained as
equilibria of the model.



3.0.1 Implications with Data Associated with the Optimal Action

In this section, we will consider data sets that only contain information about the
actions taken by agents. Suppose we have a data set consisting of n observations
of consumption bundles, endowments, high effort probabilities and prices of the
state contingent securities that agents face. Every economy from which we
collect data has a large number of identical agents. There will be a fraction of
agents who had a good realization of wealth and a fraction of agents who had
a bad realization of wealth even though all agents chose the same effort level.
Therefore, we are able to observe wealth and consumption in both good and
bad states. We ask whether we can explain the data that we observe with the
moral hazard model described in the previous section.

Definition 2 We say that a concave increasing Bernoulli utility function u(x)
rationalizes the data

where Xy > Xy and WE > Wh > 0, as high effort moral hazard equilibria
in the model if there exist probabilities of the good state (depending on the effort
level L) 11§ such that 1 > 114, > 11} > 0, and effort costs Vi > Vi, (independent
of the 1) so that

(X X (X, = Xy = T+ (1= )W),
(P(z;HaPéH)a(PéL = zLvaBL:(l_l_[ZL))}

18 a high effort moral hazard equilibrium for all i, for agents with utility function
u(zx) and costs of effort costs Vi, V. We say that we can rationalize a data set
if there exists a concave increasing utility function that rationalizes the data.

1 provides the testable implications result given the assumptions we maid
on the observed data.

Theorem 3 Given a data set {(X&y Xb ), WEWE), (P Phy), ()} i =
1...n where PLy >0, Phy >0, Wi > Wk >0, X5y > Xby > 0 the follow-
ing conditions are equivalent:

I There exists a strictly concave, increasing, smooth utility function (from
the family of CRRA) that rationalizes the data.

II. The data satisfies for alli=1...n:

1. Budget constraint (2)

2. Fair prices: ‘

I, = Pév‘iH (6)
" (Phu + Phi)
3. Consumption smoothing (6)

This theorem shows that the testable implications of the moral hazard model
are minimal if we can only observe information related to the optimal effort



choice. Any data set where prices are fair and where consumption bundles
lie on the budget line and exhibit consumption smoothing can be rationalized
with the model. Moreover, we can also rationalize it with a strictly concave
smooth utility function. In fact, the proof shows that there is continuum of
functions from the CRRA family with sufficiently low coefficients of relative
risk aversion that rationalize the data. Note that each restriction in 2 depends
on one observation only thus increasing a data set with more observations that
satisfy these restrictions does not change the testability of the data at hand.
However, it limits our choice of utility functions that can rationalize the data.
Looking at the CRRA family, the more observations we have, the lower the
coefficient of relative risk aversion must be in order to rationalize the data.

To prove this theorem we use two propositions. Proposition 1 gives a neces-
sary and sufficient condition for a strictly concave utility function to rationalize
the data. The result of proposition 1 is itself important, it allows us to verify for
any given data set whether a particular utility function rationalizes the data. In
proposition 2, for data sets where consumption bundles lie on the budget line
and exhibit consumption smoothing, we show there exists a strictly concave
CRRA utility function that rationalizes the data.

Proposition 1. Given a dataset {(X&y, X5y), WaWg), (P, Phy), (y)}
i =1...n where

Pl > 0, PLy > 0, fair prices (7), consumption smoothing (6), and the
budget constraint (2) hold a necessary and sufficient condition for a strictly
concave Bernoulli utility function to rationalize the data as high effort moral
hazard equilibria is that for every ¢ =1...n,

H}{[U(XéH) - U(X]BH)] i*
u(Xh) —uXhg)] | =T

where II'" is defined as the largest zero of the convex function:

b — min{
J

FII0) = Tu(Xgp) + (1= Mu(Xpp) — u(IWg + (1 - IWp)

in the range [0, I1%].

Before proving this proposition let us consider the case of a linear utility
function u(x) = x. Each observation in the data set consists of prices propor-
tional to probabilities, endowment, W and consumption bundle, X that lies on
the budget line to the right of W (see figure 2). The low effort budget must
be steeper than the given high effort budget and pass through the endowment
point W. The indifference curves are strait lines parallel to the budget lines.
Incentive compatibility equality constraint in this case is a linear function,

Ve — Ve =g —11.)(Xea — XBH).

In the (Xp, X¢) plain, IC is parallel to the 45° line. Effort levels and low effort
probabilities are unobserved. All we need in order to rationalize the data as
high effort moral hazard equilibria is to choose effort levels (the same for all
observations) and low effort probabilities (or the slopes of the low effort budget

10



lines), such that for every observation the IC line passes through the point X. If
we can do so, we are guaranteed both that X is the optimal consumption in case
of high effort and that the agent prefers high effort to low effort. The later is true
since by incentive compatibility the low effort and the high effort indifference
curves at X have the same utility value while the low effort indifference curve
through W (the utility if low effort is chosen) gives lower utility. We show later
that we can always find effort costs and low effort probabilities such that the
resulting IC line will pass through X.

With non linear utility function, in order to rationalize the data we need
to worry not only about IC passing through the point X, (high effort equilib-
rium consumption) but also that X will be preferred to F (low effort and full
insurance). In order to rationalize the data we need to find effort levels and
probabilities, IT% , such that, for every observation both “high effort is preferred
to low effort” and the incentive compatibility conditions are satisfied. We will
see that the first condition implies an upper bound on IT% . Intuitively if IT} is
close to IT%; then it is not worthwhile to pay the cost of high effort, and so low
effort will be preferred. The second condition implies a lower bound on IT; . We
can rationalize the data if and only if for all 4, the set of all possible IT% is not
empty (namely the upper bound is larger than the lower bound). This is the
condition stated in the proposition. We derive this condition formally in the
proof which is provided in the appendix.

In lemma 2 we show that the risk neutral utility function satisfies the con-
ditions in proposition 1 and therefore rationalizes the data.

Lemma 4 The risk neutral utility function, u(x) = x, rationalizes any data
that satisfies the budget constraint and the smoothing condition.

Proof. Proof. When u(x) = z,
F(ly) =My Xgy + (1= ) Xy — ([T We + (1 - T0y) W) =0

by the budget constraint. Therefore i* = II%; and the sufficient condition from
proposition 1 is satisfied. m

Now that we have established that the risk neutral utility function rational-
izes the data, we will use this to find a strictly concave utility function. The idea
is that if the risk neutral utility function rationalizes the data, we must be able
to find some strictly concave utility “sufficiently close” to the risk neutral utility
function that will also rationalize the data. To formalize “sufficiently close” We
will take a parameterized family of utility functions from which the risk neutral
utility function is obtained for some value of the parameter. In particular we
choose to work with the widely used CRRA utility functions family.

Let us look at the family

=

u(’}/?x) = 1 _ 72
of CRRA utility functions. With this representation 72 is the coefficient of
relative risk aversion. This family is well defined for all v € (—1,1). When

11



v = 0 u(0,2) = =z, the risk neutral utility. When v # 0 wu(y,z) is strictly
concave and monotonically increasing. For this family of functions we show in
lemma 3 in the appendix that II*(-y) is continuous. Then we use the fact that the
risk neutral utility rationalizes the data to find a continuum of functions with
low enough coeflicients of relative risk aversion that also rationalize the data.
Intuitively, we need a low coeflicient of relative risk aversion since the more risk
averse the agent is the more likely she is to prefer low effort level together with
a full insurance contract rather than the high effort partial insurance contract.

Proposition 5 For all data that satisfy the budget constraint, fair prices and
the smoothing condition there exist strictly concave CRRA utility functions that
rationalize the data.

The proof of proposition 2 is provided in the appendix. So far, we have
focused on data with consumption smoothing but not full insurance. We have
rationalized the data as high effort moral hazard equilibria. Consider now a data
set with n consumption smoothing observations W¢ > X%, > X, > W that
satisfy the budget constraint and m observations with full insurance Xé ;=
Xé ;, that satisfy the budget constraint. Theorem 2 shows that any utility
function and effort costs that rationalize the first n observations will rationalize
the n+m observations. Thus, the additional observations add no further testable
restrictions. While we explain the first n observations as equilibria where high
effort is the optimal choice, we may explain the additional m full insurance
observations as resulting form a choice of low effort.

Theorem 6 Given a data set {(X&, X5), (W&, WE), (PL, Py), 1)} i=1...n+
mwherepg>o,P,gzo,Hi:%%,W5>X5>X}‘B>W,g>0for
i=1l.nand Wi > X5 = X5 > W, >0 fori = (n+1)..m ,that satisfies
the budget constraint (2). Any strictly concave u(x) that rationalizes the first n
observations as high effort moral hazard equilibria rationalizes the given n + m
observations according to the model with the first n observations being high effort

equilibria and the last m observations being low effort equilibria.

The condition for u(z) to rationalize the data is as in proposition 1 and
the existence of such utility function follows from proposition 2. The proof is
provided in the appendix.

have assumed in the analysis above that we can observe every possible vari-
able related with the equilibrium effort choice, that is consumption bundles,
endowments, prices and the probabilities of good and bad states contingent on
the equilibrium effort choice. What if we observe less? If we only observe either
market prices or the probabilities and not both, we use the result that prices
must be proportional to the probabilities in order to determine what the unob-
served variable must be. The results of this section still hold, only fair prices are
no longer a testable restriction. If neither the probabilities nor the prices are
observed but endowments are different than consumption bundles, prices and
probabilities can be inferred from the need to satisfy the budget constraint, and

12



this restriction would no longer be a testable implication, leaving consumption
smoothing as the only testable implication. If we do not observe endowments
or consumption but observe the rest of the variables, we are left with fair prices
as the only implication since given one of these variables we would be able to
pick the other in a way that satisfies the budget constraint and the smoothing
condition. The results in this section suggest that we cannot hope for sub-
stantial testable implications unless we observed variables related with the off
equilibrium effort choice. We discuss the implications of the model under this
assumption in the next section.

3.1 Implications with Data on Probabilities Associated
Both Effort Levels

A more restrictive set of assumptions consists of observing the probabilities of
the states of the world (or asset prices) for both efforts (not only the optimal
effort that agents choose). Even if the data consists of high effort observations,
we may be able to observe the probability of a good state if low effort were
to be used. It is possible to rationalize a data set when we can choose the
unobserved utility function and effort costs in such a way that every incentive
compatibility constraint, for every observation, passes exactly through the con-
sumption point that lies on the budget line. Unlike the previous case, where
the low effort probability was a free variable that could be used to move the
incentive compatibility constraints to fit the different consumptions, in the case
both probabilities are observed, we lose this freedom. The utility and effort
costs need to be the same for all observations. It is no longer always possible to
move the incentive compatibility constraint so that it will adjust to the different
observations.

To find testable restrictions we follow the approach introduced in Brown and
Matzkin (1996). The first step is to find a set of equilibrium inequalities, where
the unknown values (utility levels and effort costs) are variables and the data are
the coefficients, such that the data can be rationalized if and only if there is a
solution to these inequalities. Then we appeal to the Tarski-Seidenberg theorem
to prove that the equilibrium inequalities can be reduced to an equivalent finite
family of polynomial inequalities in the coefficients of the system. This family
contains all of the testable implications of the model. In general, the Tarski-
Seidenberg algorithm does not terminate in polynomial time. We can prove
that this system of inequalities in the data is nontrivial namely it is satisfied
neither by all data sets nor by no data set. We show this by constructing an
example where the data set is rationalized (there is a solution to the system)
and an example of a data set that cannot be rationalized (there is no solution
to the system). Further, we note that our family of inequalities is linear given
a particular data set. Thus, checking testability amounts to solving a finite
system of linear inequalities. This can be done in polynomial time. Theorem 3
derives the system of linear inequalities and shows the testability of the model.

Theorem 7 Theorem 3. Given a data set {(X& s X)), WEWE), (Pl Phy), (I) (115)
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) . , pi
7 = 1...n whe‘re 0 < 'H’L < Iy = m
W5 >0 and Phy > Py > 0.

a. We can rationalize the data as high effort moral hazard equilibria with a
strictly concave utility function if and only if there is a solution to the linear
equilibrium inequalities{U:.} i=1...nM{M! >0} i=1..nBVy >V, >0
such that for all i the following conditions hold:

C1-C8

C4". Vi = Vi = Iy —101})[Uy — Uppl

C5" MpUqy + (1 =1y )Upy — Uy >0 _

C6. Strict concavity: Ul, —U?,, < M}, (X!, — X2, ) for alli,j =1...n,
e,e‘ € {H,L}, s,s' € {G, B}.

b. The model is testable as in Brown and Matzkin that is consistent (equilib-
rium inequalities sometimes have a solution) and refutable (equilibrium inequal-
ities sometimes do not have a solution).

Xég > Xy >0 and Wi >

Conditions C2 simply define the variables X%, , X%. Conditions C1-C5’ are
as in lemma 1 only replacing utility functions with a variable representing the
value of the utility. Condition C6 assures that we have a concave function. This
condition is a version of the Afriat inequalities. In this theorem we take the
definition of high effort equilibrium to be one in which high effort is strictly
preferred. Otherwise we need to take a weak inequality in C5’ for the necessity
statement. With a weakly concave utility function the conditions in part a of
the lemma are sufficient. The proof of theorem 3 is provided in the appendix.

The testable implications that we can obtain when we have data on the
probabilities (or prices) associated with both possible effort levels are more
restrictive than those we had in the case where only information related to the
optimal choice can be obtained.

4 Appendix

Proof of Proposition 1.

= (Sufficient) Suppose the data and the concave utility function u(z) sat-
isfy the conditions in the theorem we would like to show that w(z) rationalizes
the data as high effort moral hazard equilibria. By Lemma 1 and definition 1,
it suffices to show that there exist probabilities of the good state, IT% such that
1 > II% > IIY > 0 and there exist effort costs Vg > Vi, such that for all i
conditions C1-C5 hold. .

Condition C3 is given in the theorem. We know II%; = e Define

, , Pou+Php
Iy, = P4}, and define
Xgp = Xpy =M W5 + (1 - T ) W,

for TI% yet to be determined. This gives us conditions C1 and C2. Let V7, =0.
It is left to show that we can find probabilities of the good state for low effort,
IT} such that 1 > II%, > IIY > 0 and high effort cost Vi > 0 such that for all
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i conditions C4 (incentive compatibility satisfied with equality) and C5 (effort
H preferred to effort L) hold. Let

Vi = nbjn{ﬂjl'{[u(XéH) - U(X%H)]}v

Vg > 0. Let
, , Vi
I =11% — . _
L " U(XéH) - U(XZBH)

foy all 4. First we show that the low effort probabilities are well defined, that is
It € [0,11).

min H;J[U(Xé:H) - “(XéHH
) — )] 00

therefore IT% < II%,.

ming T K Em) — uXpp)]  pp Walo(Xen) — w(Xpp)]
i [uXen) —u(Xpy)l [w(X&n) —w(Xpy)]
therefore I1¢ > 0. Hence, the probabilities are well defined.

Rearranging the definitions of II7 we see that C4, the incentive compatibility
condition

< Iy =Ty

Vi = (M — ) [u(Xe ) — u(Xpp)]

n is true for all ¢. It is left to verify that condition C5 (high effort is preferred
to low effort) is satisfied for every observation.
The condition is for all 7,

FHIT) = Mpu(Xey) + (1= T )u(Xpy) — (W + (1 - T ) W) > 0.

We defined IT*" to be the largest zero of the function fFH(II) in the range
[0,11%]. Note that fi(II) is a continuous convex function that is positive at
I1 = 0 (from monotonicity of u(x) and the assumption W < X% ,;). Also f*(II)
is non-positive at II = II%; (from concavity of u(x) and the budget constraint).
Therefore f*(II) obtains a zero in (0,1I};]. If f/(I%) = 0 then IT"" = II%;, and
if fi(IT%;) < 0 then by convexity the function f¢(II) has a unique zero in the
segment, T . In the range [0,11°'], f(II%) < 0, high effort is preferred to low
effort. Tn the range (IT*", I}, f*(I1}) < 0, low effort is preferred. We only need
to check T}, <TI". But

. ‘ . J o) — (X .
i T, — Vi 11, 7Injin{HH[u(XGH) u(XBH)]} <10

U(X&H) - “(X}éfﬁ [U(X&H) - (X;SH)}

This holds for all ¢ by the assumption of the theorem. Hence, when

i _ min HJ}I[U(X%:H)—U(X%H)} i
i = ) — X)) = ™

H
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for every ¢ = 1...n we can find probabilities and effort costs such that u(x)
rationalizes the data as high effort moral hazard equilibria.

<= (necessary) Suppose a strictly concave utility function, u(z) rationalizes
the data as high effort moral hazard equilibria. By the definitions and lemma
1 we know that there exist probabilities of the good state ITY such that 1 >
HiH > HiL > 0 and effort costs Vi > Vi, > 0 such that together with the data
these satisfy, for all 4, the conditions C1-C5. We need to show that for every i
() holds..

Condition C4, the incentive compatibility condition, can also be written as

(Ve = Vi)
U(XéH) - U(X%;H).

L= -
(Vu—Vi) >

u(XéH)fu(X}BH) =
0 for every i. Plugging the incentive compatibility for observation 1:

Vir = Vi = (M — ) [u(X&pm) — (Xpa)]

The probability being non negative gives us the inequality I1%, —

these non negativity conditions become:

for every 1,
Hiq . (qu — Hz}:‘)[“(XéH) - (X}BH)] >0
w(Xgy) —u(Xgp) B
or
for every 1,
Iy [u(Xen) — w(Xph)]
Hl _ Hl S H GH BH
(It v U(X%;H) —u(Xpp)
or

Hj X.i _ Xj
(H}{ _ HIL) < min H[U(1 Gr) U(l BH)].
J w(Xgy) —u(Xpy)
We use this inequality to obtain that for every 4

L =" — (Vi = Vi) /[u(XGpr) — u(Xpy)] =

= O e = >
I [u(Xep) — ulXpg)l,
w(Xgp) —u(Xgp) .

We will now show that IT; < IT"" and by this obtain the required inequality.
Condition C5 tells us that high effort is preferred to low effort,

7 — min{
J

F1I1) = Mpu(Xey) + (1= p)u(Xpy) — (I W + (1 - ) W) > 0.
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IT"" is defined as the largest zero of the function f*(IT) in the range [0, IT;].
In the range [0,TT° ], fi(II};) > 0, high effort is preferred to low effort. In the
range (11", II4,], f(ITy;) < 0, low effort is preferred. Since high effort is preferred
to low effort TI7 < II*". Combining this with the previous result we see that
when the data is rationalized as high effort moral hazard equilibria

7 — min{
J

H?{[U(Xé'H) - U(X{SH)] i*
u(Xhp) —uhy) S

foreveryi=1...n.

Lemma 8 The function IT" (v) is a continuous

proof of lemma 3.
The function IT*" (v)is defined as the zero of the function:

fi(’% H) = H’LL(’)/, XéH) + (1 - H)u(’va]ZBH> - ’LL(’)/, HW& + (1 - H)W]Z:?) =0

in [0,11%]. For all v in (—1,1), fi(v,0) > 0, f(y,II%) < 0 and fi(y, 1)
is continuous. Therefore we know that there exists a zero of the function in
(0,11%]. The slope of fi(v,II) for a given 7 is:

(XEp)'™7 = (X))
1—~2

2

fu(y,10) = — [@W + (1 - IHWE] ™" x (W — W)

S 1) = XGy — Xy — (Ws —Wg) <0

for all IT by the smoothing condition. In particular f(0,2) < 0. The function
f1(0,11) is a continuous function of IT in (-1,1) and therefore there exists an open
neighborhood of v = 0, B.(0) C(-1,1) such that for all v in this neighborhood
fi(7,2) < 0. The function fi(v,II) is a convex function of II so fj(v,II) is
increasing in II and therefore f(v,1) < fi(v,2) < 0 for all v € B.(0) and
I € (0,2). We conclude that for all v € B.(0) and II € (0,2), fi(y,II) is a
strictly decreasing function of IT and has a unique zero (that lies in the segment
(0,I1%]). The function fi(v,II*) is a C' function on the open neighborhood
B-(0) x (0,2) of (0,IT%;). We know from the budget constraint that f(vy, %) =
0. Differentiating the function f?(v,II) with respect to Il and evaluating at
(0,11%) we obtain that

fﬁ(O,Hiq) = Xé‘H - X]iSH - (Wé - WIZB) #0

from the consumption smoothing condition. Therefore, we can apply the im-
plicit function theorem to find that there exist neighborhoods N, and Np of
zero and 1%, N, x Ny C B:(0) x (0,2) such that f¢(v,II) = 0 has a unique
solution in II for all (v,II°) € N., x Ny1. Furthermore the function ¢ : N, — Ny
that uniquely defines this solution, is itself a C' function, in particular it is
continuous. As we saw earlier, for all ¥ € B.(0) and II € (0,2), f¢(+,II) has a
unique zero that lies in the segment (0, T1%;] we called it IT*" (7). So it must be
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then, that T (7) = ¢(y) on N,. We have proved that IT*" () is a continuous
function of ~.
Proof of proposition 2. Let us look at the family of CRRA utility functions,
2

=
u(r}/ax) =157
The necessary and sufficient condition for u(v, z) to rationalize the data is

qu — min{ I [u (v, Xg}H) —u(y, XJBH)]
i [uly, Xgw) = uw(v, Xppg)]

As we obtained in proposition 2 this condition holds with a strict inequality
for the linear utility function, that is for v = 0. u(y, ) is a continuous function
of v, u(7y, X&) # (v, Xk ) and II () is continuous on an open set containing
zero (by lemma 3). Therefore, the left-hand side of the inequality is a continuous
function of . Hence there is a neighborhood of v = 0, B.(0) for which the
inequality holds. For all 4 in this neighborhood, u(y,z) is a strictly concave
utility function that rationalizes the data.

Proof of Theorem 1. I=II. If the data is rationalized as high effort moral
hazard equilibria, then by lemma 1 the budget constraint and the fair prices
condition and consumption smoothing must hold for all observations.

[T=1. Follows immediately from proposition 2.

Proof of theorem 2. Let u(x) be a strictly concave utility that rationalizes
the first n observations as high effort moral hazard equilibria with probabilities
HiL, i = 1..n associated with low effort and effort costs Vg > V. In order
for this utility function and effort levels to rationalize the additional m full
insurance observations there need to exist (X&p, X&), and 1 > II%;, > IT% for
i = (n+1)...m such that low effort is preferred to high effort. That is

} -1 () <0.

nu(XGn) + (1= Ty)u(Xpy) = Ve < u(I We + (1 - T)W;) - Vi

where (X, X&) is the best consumption choice of the agent if she were to
choose high effort.
For each i = (n 4 1)...m we consider two possible cases.
Case 1: Suppose
_ VeV
u(Wg) = u(Wp)

Let
\%: %

u(Wg) — u(Wp)
then 1 > II%; > IIY. Let (X&p, Xhpy) = (WE, WE). It is now the case that
both the budget constraint for high effort,

Iy, =115 +

ar(Wg = Wg) + (1= Tg ) (Wp — W) =0,

and the incentive compatibility constraint

Vir = Vi = (I — ) [u(Wg) — w(Wp)]
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are satisfied. Hence, (W}, W,,) is the best choice in the case where high effort
is chosen. It is also the case that low effort is strictly better than high effort
since given the incentive compatibility constraint, this is equivalent to

Lu(Weg) + (1 =T )u(Why) — u(IWe + (1 - II)Wp) <0,

which is true by strict concavity of u(z). Notice that both the condition that
the probability is less than 1 and that low effort is preferred are satisfied with
strict inequality when (X&y, Xbp) = (W&, WE). Therefore we can take a very
small perturbation of the endowments

(XéHuX%H) = (Wé - €7W]i3 + 5)

so that the budget constraint will still hold with equality, the probability HiG I
will still be well defined, and low effort will still be preferred. The perturbed
endowments satisfy the smoothing condition.

Case 2: Suppose

VeV
u(Wg) —u(Wg)

In this case, the cost of high effort is so high that for any probability, 1%,
low effort is preferred to high effort. Take some 1 > II%; > II%. Given the
assumption on effort costs the incentive compatibility constraint does not hold
for the endowment bundle or for any consumption-smoothing bundle on the
budget line. To see this we rearrange the incentive compatibility constraint to
get:

(I — M) [w(XGy) — w(Xpp)] > Vi = Vi

but from the assumption in case land by 1 > II¢;
Vir = Vp > (1= ) [w(Wg) — w(Wp)] > (I — T [u(Wg) — u(Wp)] =

(Mg — 7)) [u(Xgm) — w(XpH)]
by consumption smoothing.

Therefore incentive compatibility cannot hold.

Since none of the consumption smoothing bundles satisfy incentive compati-
bility, if the agent chooses high effort only bundles on the budget line to the left
of the endowment may be feasible (bundles with higher variance: Xk, < Wj).
But these bundles give lower expected utility then the endowment bundle when
high is chosen (by second order stochastic dominance). Low effort and no trade
give higher utility than high effort and no trade as we saw above. Low effort
and full insurance is strictly better than low effort and no trade by concavity.
Therefore low effort and full insurance is strictly preferred to the best an agent
can do if she chooses high effort. Thus in this case, low effort is preferred to
high effort. We conclude that the observation at hand is consistent with a low
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effort equilibrium given the utility and effort costs that rationalize the first n
observations of the data.

Proof of theorem 3.

a. Suppose we can rationalize the data with a strictly concave increasing
differentiable utility function u(x). Then let U, = u(XZ,) and M!, = u'(X:,).
The first five conditions are implied by the model (see lemma 1). The sixth
condition follows from the strict concavity of .

If there is a solution to the system, then by condition C6 and the construction
in Afriat’s theorem, there is a concave utility function such that U, = u(X?,)
and M!, = u/(X%,). By Chiappori and Rochet (1987) we can take a strictly
concave smooth function by using convolution and making a small perturba-
tion. Note that conditions C1-C3 are conditions on the observed variables only.
Condition C4’ is an equality condition that defines the difference between effort
costs. Conditions C5 and C6 are strict inequalities and so will hold after a
small enough perturbation of the utility levels. The data satisfies all the condi-
tions for high effort moral hazard equilibrium given the strictly concave utility
constructed and therefore this utility function rationalizes the data.

b. Having a system of equilibrium inequalities we now show that there are
possible data sets for which there is no solution to the system that is, there are
data sets that cannot be rationalized by any concave utility function.

For the condition C4’ to be satisfied for all ¢ it must be that for any i, j:

(HiH - HzL)[UéH - U]iBH)] = (ng - Hi)[UéH - UéH]
or
Wy —15 _ Uy —Uby

I, — 1, Uby —Ugy

' For any data with XéH > Xby > Xby > X{BH it must be that Ug;H >
Uty > Uy > Uy, therefore
ULy — Ul
Yen —Usn -
Ut —Ugn

. But it is possible to have the probabilities satisfy
Hi _ H’L
L,
Iy — 1y,

hence the condition 4 ,

0y Ty, _ Uy —Usy

1T, — IT, Uy —Upy
cannot hold. For such a data set, there is no solution to the equilibrium inequal-
ities. Note that we can find an example as described here while still satisfying
fair prices, the budget and smoothing conditions so the restrictions in this theo-
rem are more restrictive than those in theorem 1. It is clearly the case that the
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system of equilibrium inequalities sometimes has a solution. To find data for
which the system has a solution we can simply take any data of consumption
wealth and high effort prices that satisfy the smoothing and the budget condi-
tions, and use the result in propositions 2 or 3 to find probabilities associated
with the low effort.
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